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1. INTRODUCTION

Let M be a real, normed linear space equipped with the norm || - ||, and
let L be an n-dimensional linear subspace of M. If U denotes the unit sphere
of L, defined by

U={feL:|fll=1}
then, for a given m € M, an element u* € U satisfying
I|u*_7n|I<Hu_m”’ VuEUs (1'1)

is a best approximation to # of unit norm. The problem of finding such a u*
is a particular example of a constrained best approximation problem. Such
problems have received considerable attention in recent years, mainly with
reference to the Chebyshev norm (see, for example, the review papers by
Taylor [7] and Chalmers and Taylor[1]). For this norm, the present problem
(with the assumption that L is a Haar subspace) has been studied by Ross
and Belford [6], from the point of view of characterisation of local solutions
(i.e., solutions »* for which the inequality in (1.1) is satisfied for all ue U N
N(u*), with N(u*) a neighbourhood of u*). The application of optimization
(rather than more conventionalapproximation theoretic) techniques to general
classes of nonlinear finite-dimensional inequality constrained best approxi-
mation problems is considered in [3, 8], and various conditions for a solution
are derived. It is the object of this paper to apply similar techniques to the
prescribed norm problem defined (without loss of generality) above.

If L is spanned by 1, , I, ,..., /,, , then any element of L may be expressed
in the form

@) = > ail;, ac Re. (1.2)
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The problem may then be restated as follows:

find a € R* to minimize || r(a)|l,
where r(a) = l(a) — m 1.3
and | /(a)l] = 1.

If there are only isolated points satisfying the constraint || /{a)|] = 1 (for
example, if n = 1, M = RY), then each of these points gives, by definition,
a local best approximation. We exclude this case therefore, and are thus
able to define feasible directional sequences. Let {a®} — a* be a sequence
of points in R” such that if

al®) — g¥ = §igh sty =1, 8® >0 (1.4

defines 6% and s (where the norm is any norm on R%), then s**! converges,
to s, say. Then {a®} is a directional sequence. If || {(a®)]| = 1, then this
sequence is feasible, and s is said to be a feasible direction at a* with respect
to the constraint of (1.3).

Now let MP be the dual space of M, and || - ||” the dual norm on MP,
Then MP is the space of continuous linear functionals v(m) defined on A4,
and it is convenient to write

v(m) = {m, v) (1.5}

thus expressing the linear functional as an inner product between the elements
of M and those of MP. An important role is played in what follows by the
set of subgradients of || m || at m, which is the set of elements v € M® which
satisfy

lmil —lln| <<{m—n,v Yne M. {1.6}
If this set is denoted by V(m), then it is readily shown that we have
Vimy ={pe MP:||m| = <m,v3, || vlP < 1L 7

The relationship between appropriate subgradients and the directional
derivatives of the functions occurring in (1.3) is a crucial one, and the
following result (which essentially generalizes Lemma 3 of [3]) is of funda-
mental importance. For convenience, the abbreviations +®, [*, etc., will be
used to denote r(@'®), [(a*), etc., whenever they occur throughout this
paper.

LemmA 1. Let{a*} — a* be q directional sequence defining s through {(1.4).
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Then

e el il
fim g = ma, <9 0>

Proof. For all v € V(r*) we have from (1.6)
[ r 9N — 1| = <™ — 1, v)
= §WIJ(s¥)), v).
Also for o™ e V(r#),
| F®f = G, oy
== (r(a* + SEIgh) oy
<P | - 80U, o).
Thus

Lro0 =1

(™), vy > S

= ™), vy for all v e V(r¥). (1.8)

By the weak * compactness of the unit ball in MP (Alaoglu-Bourbaki
theorem, e.g., Holmes [4]), there exists a sequence {8*} — 0 and we MP
such that

<m, v — <m, w) as k— o
for all m € M., Further
0 < [Ir*]l — <k, o™ < O(8™)
and so we V(r¥). Letting k — co along any such appropriate sequence,
the result follows from the inequalities (1.8).
2. CONDITIONS FOR A BEST APPROXIMATION

Let & * define the set of feasible directions for (1.3) at the (feasible)
point a*, and define the sets

F7 >
% — - — J—
Fe b =fseRuls| =1, max {I(s),0) | =
Fy <

LEMMA 2. F* = &%,
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Proof. Let se F* Then there exists a feasible directional sequence
{a®1 — a* Thus by Lemma 1 for the special case when m = 0, s &F*
Now let s € F*. Then
max I(s), vy = 0. (2.1}
Let a(6) = a* 4 8s, 8 == 0. Then {a(8"")} is a directional sequence, where
3% L0 as k — oo. If || l(a(6""))|| = 1 for k sufficiently large, then the direc-
tional sequence is feasible and the required result follows. Otherwise, let
I @@ = «* and let ¢® = a(6)/a®), which is defined for all k£ suffi-
cienly large. Then || I(c¢®™)] = I, and it remains to show that {e/¥} — g*
is a directional sequence. Now by Lemma 1, with m set equal to zero again,

@@ — 1% _

lim S5 0
and so
.ot — 1
}gr; —sm = 0.
Also
b _ g% *) __ a(SEN
(Ic)a —Ss :1‘: (;(b )
) ) i
T =a® ] a@®)|
$ PO

Thus s e F*,

o

LEMMA 3. Let a* give a best approximation. Then

max {I(s), v) =0 ¥ se F*

VeV (r*)

Proof. Assume a* gives a best approximation, and let seF* Then
se F* by Lemma 2, and so there exists a feasible directional sequence
{at®} — a* with

PR =]
for all £ sufficiently large. Thus

i (R} [
B =
lim NG

=0
and the result follows from Lemma 1.

640/29/2-4
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LemMa 4. If a* is feasible, and if

max, @), v> >0 VseF* (2.2)
then a* gives an isolated local best approximation, in the sense that there
exists a meighbourhood, N(I%), of I* such that |I* —m] <|[l(a) — m|
Jor alll(a) e U N N(I*), a 5= a*.

Proof. Let (2.2) be satisfied, let a* be feasible, but suppose that a*
does not give an isolated local best aproximation. Then there exists a feasible
sequence, and hence a feasible directional sequence {a®} — a* such that

el <t

for all k sufficiently large. Lemma 1 gives a contradiction and the result
follows.

It is convenient at this point to introduce two separate cases of problem
(1.3). Define the set G by

G ={geR:|rg| <lr@| VYaeR,

i.e., G is the set of vectors such that /(g) is a best unconstrained approximation.
The following characterization of G is required later (see, for example,
[9] for a proof).

LemMA 5. ge G iff dve V((g) such that {I;,v> =0,i=1,2,..., n
If | /(g)ll = 1 for all g <G, then problem (1.3) is precisely equivalent to:

find a € R” to minimize || r(a)|| 53
subject to || [(a)] < 1. @3)

With some modifications, the analysis of [3] is now directly applicable to
this problem: since (2.3) is a convex programming problem, necessary and
sufficient conditions for a solution may readily be obtained.

THEOREM 1. Let||I(g)l| = 1 for all g € G. Then a* solves (1.3) iff Av e V(r*),
we V(I*), A = 0 such that

v + X, w> =0, i=12.,n 2.4

Proof. Let a* be a solution. If a* € G then the desired result holds with
A =0 for some v e V(r*) by Lemma 5. Thus we assume a* ¢ G. We first
show that

max <I(s),v> =0 2.5)

veV(r*)
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for all se F* U Fj . If s e F* this inequality is a consequence of Lemma 3
so let s e F . Then

o 119 — 0]

using Lemma 1, where {a'?} — a* is a directional sequence, so that
I <IFj =1
for k sufficiently large. Now if (2.5) is not satisfied, Lemma ! gives that
P <lie

for k sufficiently large. Thus the fact that a* solves (2.3) is contradicted,
and so (2.5) must hold as required.
Now define the closed, bounded, convex sets in R™

B = {b! bz- = <—li s U>, i = 1, 2,..., nve V(f‘*)},
D S {d: dz = <lz 5 Vy‘>’ l = 1’ 2:“”7 n,we V{l*)}

and let K be the convex cone in R” generated by D, i.e.,
K={k:k =oad,de D,z > 0}

Now D does not contain the origin (for by Lemma 5 applied with m = 0
that would imply that a* minimizes || /(a)|, 2 contradiction). Thus K is closed,
and so by a standard separation result (for example, Lemma 6 of [3]) if
KN B = gz, there exists s € R” such that

s’k < 0 VkeKk,
s’b >0 VbeB.

Thus IseF*uU Fj for which (2.5) does not hold, which shows that
KN B = ¢, and establishes the ““only if”” part of the theorem.

Now let the conditions (2.4) be satisfied at a*, and let a € R” be any other
feasible point. Then for any ve V(r*), we V({I*), A = 0 satisfying (2.4)
we have

@l — | r* || = (@) — I*, v
= —XI@) — I*, w>
— (@), W + A
= M1 — {(@a), wp} = 0.
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Remark. The proof of sufficiency of (2.4) does not require any assumption
about the set G.

If} I(g)l] < 1 for some g € G, then (1.3) is no longer equivalent to a convex
programming problem: there may exist local best approximations which
are not global, and in addition it is not always possible to close the gap
between necessary conditions and sufficient conditions. In order to obtain
necessary conditions analogous to those in Theorem 1, we require the
following strengthened form of Lemma 3.

LemMA 6. Let || I{g)| < 1 for some ge G, and let a* solve (1.3) with
a* ¢ G. Then
max, @), vy =0 VseF*fUFy.

Proof. If scF*, the inequality follows from Lemma 3, so let se Fi .
Then using Lemma 1, if {a'®} — a* is a directional sequence defining s,

1) > =1 (2.6)
for k sufficiently large. Assume that

max)(l(s), vy < 0.

veV(r¥
Then
| F <[l r¥ @n

for k sufficiently large, by Lemma 1. Also, by assumption, 3 g € G such that
@I < lr*ll 2.8
(@i < 1. 29

Thus from (2.6) and (2.9), 3 A*, 0 << A* < [, such that

[ I@@A)]] = 1,
where a(A®) = A%a® - (1 — A®) g, Further by (2.7) and (2.8)

with

|| @@ <l r* 1,

and since a(A'®) — a* as k -~ co, we contradict the fact that a* gives a
local best approximation, and the result follows.

TaEOREM 2. Let || I(@)|| << 1 for some g € G, and let a* solve (1.3). Then
Joreach we V(I*), 3v e V(r*), A < 0 such that

iy v) + X, wy =0, i—=1,2,.,n (2.10)
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Proogf. Let a* solve {1.3). Then if a* e G, (2.10) is satisfied for some
ve V({r*) with A = 0, by Lemma 5. Thus we consider the case when a* ¢ G,
and we will assume that the conditions (2.10) do not hold. Then 3 w* e V{(#*)
such that no v € F(r¥), A < 0 satisfying (2.10) exist. Let K denote the set

K=kk=aotd =, w,i=12.,n«>0%L

Now d 5= 0 (or else, by Lemma 5, applied with m = 3, we have the con-
clusion that a* minimizes || /(a)||, a contradiction), and so K is a closed,
half-line. Let B denote the closed, bounded convex set

B={b:b, =<;,v>,i=1,2,...,nve V%
Then K n B = ¢ by assumption, and so 3 s € R" such that

s’k >0 Vkek,
sh < 0 VbeB.
This contradicts Lemma 6, and the result follows.

Theorems 1 and 2 taken together show that if a* solves (1.3), v e V(r*},
w e V({I*) and a scalar A such that

i, vy + X, w)y =0, i=12..,n

This particular form of necessary conditions gives a natural generalization
of the differentiable case. Further, if A > 0, then this condition is sufficient
for a* to solve (1.3). The conditions of Theorem 2 may in certain circum-
stances also be sufficient for a local best approximation. We have the
following result.

-

THEOREM 3. Let a* be a feasible point such that

() for each we V({I*), 3ve V(r*) and A < 0 such that
o) X, wy =0, i=12,..,n (210

(ii} there exists a neighbourhood N(a*) of a* such that
V(l(a)) C V({I%), Vae N@a*). 21D

Then a* is a local solution of (1.3).

Proof. Let {a™} be any feasible sequence converging to a*, 2 point
for which the given conditions (i) and (ii) are both satisfied. Then 3 w* e V{/*)
such that

0, w¥y = {10 = 1
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for £ sufficiently large. Let v* € V(r*), A* and w* satisfy (2.11). Then

IO =) = 1™ — ¥, %)
= — K0 — ¥, %y
=0,

This theorem is particularly useful when (1.1) is set in a finite-dimensional
space normed by a polyhedral norm. Consider the consistent set of linear
inequalities

Bu < e,

where u e R, Bis an N X ¢ matrix, and e € RV is a vector, each component
of which is 1. Then if

() C = {u: Bu < e} is bounded and has a nonvoid intetior,
(i) we Cif and only if —ueC,
the polyhedral norm on R? specified by B is defined by

[lu]] = min{p: Bu < pe}.

THEOREM 4. Let M = R, normed by a polyhedral norm defined by the
N X t matrix B. If condition (i) of Theorem 3 is satisfied at a feasible point
a*, then a* is a local solution of (1.3).

Proof. 1t suffices to show that condition (ii) of Theorem 3 is antomatically
satisfied. Now at a*, let I* be defined by

<bi’r*> = ” ¥ ”9 iEI*7
Kby, r*y <[Ir¥l,  i¢rl%

where b; € R denotes the ith row of B. Then V(r*) is the convex hull of the
set {b;, i € I*} (see, for example, [3] for a proof of this). Thus 3 N(a*) for
which (2.12) is satisfied and the result follows.

If V(%) and V(r*) both contain unique elements v* and w¥*, it follows that
I {(a)l} and || r(a)|| are differentiable at a* (Rockafellar [5]). If, in addition,
these functions are twice continuously differentiable in a neighbourhood
of a*, then standard results from (differentiable) optimization theory are
available to supplement those given earlier. In particular, if the norm is
smooth, then such second-order conditions may be obtained in a natural
manner, If it is known that || /(g)|| > 1 for all g € G, such conditions are of
course redundant; however, their derivation, and application, does not
require such information. For completeness, we quote the relevant results
as they apply in this particular case; see Fiacco and McCormick [2] for details.
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Let o* € V({r™), w* € V(I*), A* < 0 satisfy

v A% < L, w* =0, i=12,..,mn {2.

Yt
Ly
o

and define

L(a) = | r(@)] -+ A* | {@),
z* = {se R |s| = 1, @), 0% = ), w* = 0},

THEOREM 5. Let || I(a)] and || r(a)]| be twice continuously differentiable
in a neighbourhood of a*, a feasible point satisfying (2.13). Then

(i} if a* solves (1.3), then

sTV2Z(a*)s =0 VseZ*,
(i) if

sTV2Z(a*)s > 0 VseZ*,

then a* is an isolated local solution of (1.3).

3. EXAMPLES

We conclude with some examples intended to illustrate the application
of some of the results of the previous section, for the case where
M = C[—1, 1], normed with the L, norm (see also [6]).

EXAMPLE 1.
n=2, L=1, I, = x%, m o= Ix%
Let a* = (1, —1)T. Then
I =01—x* =1
with V(/*) = {5(0)}, where ¢ is the delta function defined for f(x) e M by

{f(x), 86> = (&)
Further

frxll=1l1—x*—%x'=1

with V{(r*) = {8(0)}. Necessary conditions are therefore satisfied at a*
with A = —1. Further, any perturbation of a* will result in || /(a)|| still being
attained at the single point x = 0, and so the conditions of Theorem 3
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are satisfied, showing that a* gives a local best approximation. Notice that
for this example

F¥ ={seR|s| =185 =0}
and so (2.2) of Lemma 4 is not satisfied.
EXAMPLE 2.
n =13, L =1, ly = x, Iy = x2, m = Ix* 4 Bx2
Let a* = (1, 0, —1)7. As in the previous example

V() = {8(0)}

and also
V(r*) = conv {8(—1), 3(1)} B < -3,
= conv {8(— v/ —2 —28), 8(v/—2 — 2B)} —§<B< -1,
= {8(0)} —1<B<}
= cony {—3(~1), 8(0), —5(1)}  B=3
= conv {—8(—1), —&(1)} B>%

Necessary conditions are satisfied for —1 < § < £ by taking v = §(0),
A = —1. The set F* is given by {s R3,||s| = 1, s, = 0} and so (2.2) of
Lemma 4 is not satisfied for any of these values of 8. In addition condition
(ii) of Theorem 3 is not satisfied. However, when —1 <{ 8 <C £, both || #(a)]]
and || I(a)|| are differentiable functions at a = a*, and thus the possibility
exists of further information being provided by second-order conditions.
Now if —1 < 8 < £, any perturbation of a* will result in || #(a)) and || /(a)||
both still being attained at the single points ¢ and % respectively, where the
derivatives with respect to x of the normed functions vanish. Thus derivatives
in a neighbourhood of a* are given by

Viir@i = (1, & &),
where ¢ must satisfy
a +2a¢ — £ — 26§ =0

and V|| [(a)] = (1, 5, w97, where n = —a,/2a; . It follows that the approp-
riate functions are twice differentiable in a neighbourhood of a* and so
Theorem 5 may be applied.
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Now
0 0 0
ViZ(a*) = |0 —B/(2B-+-2) O
0 0 0
and so
v2 L4 —_ —/8__ 2
sTVEP(a*)s = 76+252.

Thus the conditions of Theorem 5(i) are not satisfied if § > 0, and so for
0 < B < %,I* is not a local best approximation. Now let a* = (—£, 0, Z)7.
Then for Be[—1, §]

V({I*) = conv{6(—1), 8(1)};

V(r*) = conv{d(—1), 8(1)} -1 < <q,
= COHV{S(—— 1): _8(0)7 8(1)} ﬁ = 09
= {3(0)} 0<p<i
Thus necessary conditions are satisfied for —1 << 8 < 0 by taking v = w,
A = —1 for any we V(I*). Also, since any perturbation of a* results in
Il {(a)|] being attained at x = —1 and/or x = +1, Theorem 3 applies, showing

that a* is a local solution to (1.3) for these values of 3.
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